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Ampere's Law:

V X B =,
Divergenceless B:
V-B=0
Faraday's law: .
V XE= 5
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Distribution function and averages. The average of a quantity G(v) over a distribution

function f(v) is defined as
[ Gv)f(v)dv
[ fv)dPv

stk Z & =

The Maxwellian distribution (in 3D) is

f(v) = n (%) exp <—%>

Note that the isotropy of this distribution means that all Cartesian coordinates are

equivalent, there is no preferred direction.

%3 1.1

(a) Prove that the form of fis correctly normalized, i.e. that [ fd®v="n

Btk A TEE

Evaluate the averages of the following:
(b) a specific Cartesian coordinates: < v, >
(c) the square velocity: < v* >, and the average particle energy < %mvz >

(d) the average speed < |v| >




Show for a steady-state flow (% = 0) that the momentum equation with a gravitational

force, Fy = p,g, an isotropic pressure, and no electromagnetic forces (E = 0 and B = 0)
et oV

RS B lEqL(V.V)V} — —VP+ pug

can be integrated once along a streamline to obtain Bernoulli’ s equation:

ik
3 Pm V2 4+ P+ ppngz= constant

Assume that the gravitational force term can be derived from a potential, p,,g = —V¢,

where ¢, = p,,gz and g is constant.

%3 1.3

The energy equation for the ideal MHD plasma. In the limit of ideal MHD, the MHD
equations conserve energy exactly. To derive an expression for the energy in this limiting

case, let us start with the momentum equation. Multiplying the momentum equation by V,

A and eliminating J via Ampere’s law, show that:
oV |4
(a) pmV - [E + (V-V)V] =—(V-V)P+ e [(V x B) x B]
0

Using the mass continuity equation, show that the left-hand side of the above equation can

be rewritten in the following form:

0 [0 () - (5




%3 1.3

Use the adiabatic equation of state, i.e. % (%), show that the first term on the

right-hand of equation (a) can be solved in the following the form:

1 0P y
V.VP=———_—+ ——V - (PV
itk () ( ) ~v—1 0t * v—1 (PV)
The second term on the right-hand of equation (a) can we rewritten as
V- (VxB)xB=—(VxB)-(V xB). Noting that E= —V x B for an ideal MHD fluid,
show the second term can be rewritten as:
0 [ B
(V- (VxB)xB=——|—|—-V-(ExB)
ot \ 2
Finally, substituting equations (b)(c)(d) into equation (a), we obtain the energy
conservation law for an ideal MHD fluid. Please write down the correct energy equation.
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