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Nsse
Hierarchy of Plasma Models

Plasma Phenomena

<N

Single Particle Distribution Boltzmann
Motion Function Equation

i

Moments of Boltzmann

Equation
Single Fluid Multiple Fluids
(MHD)
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Fluid Approach

MHD Equations
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Fluid Approach (1/2)

» The E, B fields are not prescribed but are determined by
the positions and motions of the charges themselves.

> Atypical plasma density might be 1012 ion-electron pairs
per cm3. If each of these paricles follows a complicated
trajectory and it is necessary to follow each of these,
predicting the plasma’s behavior would be a hopeless
task.

» Fortunately, this is not usually necessary, the majority of
plasma phenomena observed in real experiments can be
explained by a rather crude fluid model.
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Fluid Approach

» This model is that used In fluid mechanics, in which the
Indentiy of the individual particle is neglected, and only
the motion of fluid elements Is taken into account. Of
course, the fluid contains electrical charges.

> It Is surprising that such a model works for plasmas,
which general have infrequent collisions. The ion and
electron fluids will interact with each other even in the

obsense of collisions, because of the E and B fields are
generated.
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Nsse- Fluid Eqg. of Continuity

Conservation of matter requires that the number of particles (N) in a
given volume (V) can only change if there is a net particle flux
across the surface (S) bounding the Volume (V)

T
Divergence oo ® | | | =P
6N a SERUBBRSN by
~ atJndV :—jnuodA:—JVo(nu)dV

_ _Particle flux _
Since this must hold for any volume, it means

@+V0(nu):0
ot
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Nsse Fluid Eq. of Motion

A. Neglecting collisions and thermal motion

dv
m—=qg(E+VvxB
i g(E+vxB)

If neglect collisions and thermal effects, all particles in a
fluid element move together with average velocity u

nmd—u: nq(E+uxB)
dt
d/dt is to be taken at the position of the fluid element, not

very convenient. We wish to have equation for fluid
elements fixed in space.
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Nsse.

Transform to a fixed frame: (convective derivative)

4G _ & +(UeV)G
dt ot

In a plasma with the fluid velocity u, we can have:

nm[g—ttj+ (ueV)u]=ng(E+uxB)
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Nsse
B. Including Thermal Effect (Pressure)

Thermal motion

==» the random motion of particles in and
out of a fluid element

===»a pressure force should be added in the
eg. of motion for a fluid element
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Nsse.

(1) Consider only the x-component of
motion though faces A and B of the fluid T
element centered at (X,, 1/2dy, 1/2dz). il

dy

dzX

Xo-dX Xo  Xp+dX

z

The number of particles per volume with velocity Vx

An, =Av, J I f(v,,v,,v,)dv dv,

The number of particles per second passing through the
face A with velocity VX is

N =An v AyAz
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Nsse.

Each particle carries a momentum. The momentum though face A,

from particles with Vx>0, in the fluid centered at (x - AX,E Ay,i A7)
2 "2

P. = mAyAvaf fdv, _[ j dv, dv,

00

[ v fav, [ av,dv,

<V§> ) _Ooj I j fdv,dv,dv,

n=||[ fov,dv,dv,

(2) It can be written as:

Lr /2
Py = MAYAZ E[n <VX >:|XO—AX The factor ¥2 comes from the fact

that only half the particles in the
cube are going toward A.
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Nsse Similarly, the momentum carried out though face B Is

_ 1 2
P. = mAyAZE[n<VX>L
(3) The net gain in momentum for particles:

1 2 2
P =Py =mayz S (Vv )= ({2, |
_ % MAYAZ(—AX) % (n(v))

This results is doubled by the contribution of left-moving
particles, since they carry x momentum and also move in the
opposite direction relative to the gradient. n(v?)

The total change of momentum of the fluid element at X is
therefore

0 0 5
—(nmu. JAXAYAZ =—m—(n{V: ))AXAYAz
- (nmu,)Axay — (V7 ))axay
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(4) Let the velocity of a particle be composed by fluid

velocity plus random thermal motion.
V.=U +V,

For a 1D Maxwillian distribution, lm<v2 >:1kT

(V) =UZ +KkT /m Xr

then 9 (nmu,) = -m Q[H(Uf +KT /m)]
ot OX
re-group nm(gux+uxgux)+mux(a n+ 2 nux)z—i(nkT)
ot OX ot  OXx OX
Continuity @Jrﬁnu —
ot ox "
nm(gu +U ﬁu )——ip
ot " Tox OX
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Nsse.

Generalizing to three dimensions, we have

M -l = -
nm|— -+ (u-Vu|=-rp

Add the pressure-gradient force with the
electromagnetic forces:

nm[g—l:+(ro)u]:nq(E+u><B)—VoP

PERZFRERZET ZFk
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Nsse.

What we have derived is only a special case: the transfer
of X momentum by motion in the x direction; and we have
assumed that the fluid is isotropic, so that the same result
holds in the y and z directions.

But it is possible to transfer y momentum by motion in the
X direction. Suppose that the y-velocities of particles at x,-
AX and x,+ AX were a maximum, and

that vy = 0 at x,. Then particles passing through Faces A
and B would bring more y-momentum into the fluid
element at x0 than they take out. This would give rise to a
shear stress on the fluid element at x,, which must be
described in general by a stress tensor, P, The off-diagonal
elements of P are usually associated with viscosity.
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Nsse.

C. Including Collisions

If a neutral gas is present, the charged fluid can exchange
momentum with it through collisions. The momentum lost per
collision will be proportional to the relative velocity between
the changed fluid and the neutral gas (u-u.), where u. Is the
velocity of the neutral fluid. If T, the mean free time between
collisions, Is approximately constant, the resulting force term
can be roughly written as —nm(u — uy) /Tt or —onm(u —
u,),where o is the collision frequency.

nm[g—l:+(u-V)u] =nq(E+uxB)-VeP—-omn(u-u,)
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Nsse.

(A)When we took the velocity distribution to be
Maxwellian, and therefore the averages of
velocity, we assumed that there were collisions.
However, the fluid theory Is not sensitive to the
distribution function, as long as we can use the

same average velocity.

(B) The other reason for the fluid theory to work for
the plasma is that magnetic field and wave particle
Interaction may play the role as collisions in a

certain sense.

PENFRER=ERZFPM

National Space Science Center, CAS



Nsse.
Fluid Eq. of State

We use the thermodynamic equation of state to close
the equations.

p=Cp’

7/:Cp/Cv
V V Vn
———=) _Jz——yu_éz__y;___
p " p on

p;n;” =const
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Nsse.
Fluid Eq. of State

(1) For isothermal compression: Vp

KIVn =y = 1

(2) Adiabatic compression (T also changes)

%+L ,V”:v—f_P:(}'—l)%
(3) More general (adiabatic), y = (2+N)/N

where N is the number of degrees of freedom, it is
valid for negligible heat flow.
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Nsse.

Isotropic plasma and Anisotropic plasma

» A plasma is called isotropic, If its pressure tensor is
diagonal with all diagonal elements having the same
value P=pl

» Particle distribution in a plasma often anisotropic.
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Nsse.

o Magnetized plasma: particle dynamics parallel to the field direction
(B || €.) different from the perpendicular particle dynamics.

p. 0 0
= P = 0O pi 0
0 0  py

e Both pressures related to a kinetic temperature by the ideal gas law
P| = 'TL;LL‘-BT”

pL = nkgl
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Nsse.
MultiFluid Equation:

J=n0.Vv,+naqVv, =e(-nyv,+2Znv,)=—-en,(v,-V,)

p =004, +N0; = e(_ne + Zni)

on,
E+V0(njvj):0

ov .
njmj[a—t‘Jr(vj oV)V,]=nq,(E+Vv,xB)-Vp,—a,nm (v,-V,)

p;n;” =const

Poisson’s equation

] E ’
V.E:gﬁ VXB:%H%%@_ Ampere’s law

0 ot
V><E:—§§ VeB=0
ot

Faraday’s law

Maxwell's Equations
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Nsse.

Accounting
Unknows Equations
NN 2 Continity e, 2
Ve, V; 6 Momentum e;i 6
Pepi 2 State e,i 2
E.B 6 Maxwell 8
16 18

But 2 of Maxwell (V . equs) are redundant because can be deduced from
others: e.g.

-

v . v = = G v -
(V x E) 0 o ( B)
and
V.(VxB)=0=V-+j+ % oV - E)
C ct
so 16 equs for 16 unknowns. _adp
Vej+—=0
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Nsse.
Magnetohydrodynamics (MHD)

» Description of plasma as a multi-fluid system is often

too complicated.
Simplified to single fluid description (MHD)

» The MHD model is applicable only when charge
separation (e.g. plasma oscillations or electromagnetic
waves in plasmas) is negligible. The condition for it is that
the length scales should be larger than the Debye length and
the time scales larger than the inverse of plasma frequency.

Assuming that plasma consists of electrons (m,, q.=-e) and
one component of ions (m;, g;=e)
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Single-Fluid approximation
Mass density: P = MM +N;M,;
Velocity:  V =(n,m,v, +nmyv,;)/(n,m, +nm)

Charge density: Py = N4, + NG

Current density: ] = geneve + qinivi = gene(ve — ;)

Total pressure: Pp=p + P,
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Nssec
m,(Ce) + m;(Ci)

me%+meVo(neve):O mi%+miVo(nivi):O
ot ot

o(m.n. +m,n

( )+V(mnw+mmye
ot

o(mn. +m.n,) mn.v. +mn.yv,

= +Ve[(mn +m.n,)
ot m.n. +m.n,

Mass Conservation

op
T+Ve(p V)=0
p (P V)
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Nsse.

de (Ce) + q; (Ci)

on,
0 on, +q,Ve(nyv,)=0 qia—t'+qivo(nivi):0

ot
Charge Conservation

0
ﬁ-FV.j:O
ot
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Nsse.

ov.
(Me) + (Mi) njmj[a—t‘+(vj oV)v,]1=n,q;(E+V;xB)-Vp,—o,nm (v, -V,)

Z{nq(E+v xB)-Vp, +F,}=p,E+jxB-V(p,+p,)

( F,=-F, , so no net friction)

e’

LHS==: Zm [—+v V]v,

(1) ignore the contribution of electron momentum (m, << m;)
(2) V Is approximated as v;

0 0
ijnj [aJer oV]v, zpm(a+VOV)V
Momentum EQ.

ol [§+VOV] V=pE+]xB-Vp

¢ 4? lizﬂﬂ;¢m
Nat al Sp
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Nsse
(M )+ (Ml)

OV .
n,m, [E+(vj oV)v.]=n,q,(E+Vv;xB)-Vp,—o,nm (v, -V,)

d;
Zn q[S+V,eV]v, = mj ij+m‘ Fi]
J J J
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Nsse.

P = neme T nimi j: rIeqeve +niqivi — neqe(ve _Vi)
oV, oV,
anqj[%_l_vj .V]Vj ~ anqj[%vj] =Ng; E-I_neqe ot
J J

For simplicity, we treat vas small and neglect the term (v - V)v

a neque + niqui
( )
t nm +nm

0]
—(—)=(n.m, +nm
pur o) =(m-nm) 2

— (ny + MMy O MGV NGV, ) O DGV, +NGY,
| i ot N. +m | ot ni
om

5
LHS===>: anqj[§+vjoV]vjzpm—(l)
j ot p,

chER 2 R AR AR o
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[11] :

J 2 V, 2 Vi
£ 2y, g
m m

] | e i
. N
_ qeq. UL ™\
memi qi qe
Left f Xcise nigi = —Mele
- _ G {nmv,+nmv.} e 1
m m
95 m,
T\/f = {n,m.v, +nmy, - (—+ ) (gn,v, +gnv, )}
m m i e
- m m...
e A CLRRLO))
memi i qe
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Nsse.
[111]
.

el

—0,; N, 1M, (Ve o Vi) = _Fie

q; m,
D Py =0, (0,8, =1, (v, ~ )
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Nsse.
LHS=RHS

mem; qi de

) Ocij

0 () o4
pma<i)=—” r E+{pmv—<—+—)1}><B

e ml qlml

EivxBo- MO Jy L M My g

qeq| at pm pm qi qe

: m,m. m,, m,m. i
(VR EVR) L) )
nk rni qé%[%} q q(1ﬁ%
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eze General Ohm‘s Law

E+vxBo-_TeM O Jy 1 M Mg
qq, 6t pm pm G 9
VIO
m qeq ,Om
-(1-~ o]
g q pm Hall term
electron inertia, ~ the resistivity
negligible for low
enough frequency
m,
E+VxB=n] L ! @
ne ne’ ot
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eze General Ohm‘s Law

Last term in J has a coefficient, ignoring m./m; c.f. 1

MelMiVei MeiVei
Geqi(nim;) qine

= 1 (O-ei:";_” )

The resistivity

Hence dropping electron inertia, Hall term, pressure term, the
Ohm’s law becomes:

E+vxB = pj
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Equation for the State

"+ pin;"" = const.

}?gﬂE
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Nsse.
Summary of MHD equatons (1)

. 0
Mass Conservation gt T+Ve(p V)=0

0 .
Momentum ,Om(aJrV'V)V:PqEﬂXB—Vp

Eq. State P, =const
Charge Conservation %Jrv. j=0

Ohm’s Law E+vxB = 1
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Nsse.

« Since the fluid is assumed to be electrically neutral, the
charge density p, Is taken to be zero.

* We shall not need Poisson’s equation because that 1s
taken care of by quasi-neutrality

* Normally, one uses MHD only for low frequency
phenomena, so the Maxwell displacement current -
can be ignored in comparison with the conduction

current.

dE
ot
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Nsse.
Summary of MHD Equations (1)

In order to obtain a compete and self-consistent description of a
resistive MHD plasma, the fluid equations and Ohm’s law must
be combined with Maxwell’s equations:

Ampereslaw T x B = uo]J

VeB=0
Faraday’slaw  VxE= _G_B
ot
Gauss’s law V'E =0
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Nsse. _
Ideal MHD equations

As the collision frequency goes to zero, the condctivity goes to
Infinity: ideal MHD plasma

E+VxB=0
The fluid velocity component perpendicular to B is then give by

E x B/ B2, which is identical to the E x B drift velocity
encountered in single particle orbit theory.
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