


MHD Waves

« Alfven mode
 Fast and slow magnetosonic modes
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Nsse .
Representation of Waves

Any periodic motion of a fluid can be decomposed by Fourier
analysis into a superposition of sinusoidal oscillations with different
frequencies o and wavelengths A

When the oscillation amplitude is small, the waveform is general
sinusoidal; and there is only one component. This is the situation
we shall consider.

Any sinusoidal oscillating quantity, say , the density n -, can be
represented as follows: n = ngexpli(k - r — wt)]

The time derivative d /dt can therefore be replaced by —iw, and
the gradient V by 1k
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Nsse Sound Wave

For a neutral fluid like air, in absence of viscosity, the Navier-
Stokes equation is

pm{aqu(u Viu } -Vp

ot
From the equation of state
pp,, = const Vp = —pV,O
then ou ¥ Pm 7
—+(Uu-V)u|=—"—"V
pm{ﬁt (u-v) } o T

Continuity equation yields
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Linearization of the momentum and continuity equations for
stationary equilibrium Pm = Pot L1 Po >> P
P=Po+ Py Po >> Py

0Pm
P . (pu)=0

(P + p1) Ve

po ((po+p1)Vy) =0
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ou )/p
— +(u-V)u
pm{ﬁtJr( ) } Prm A

(,00+,01)[av1+(vl V) 1}=—V(po+p1)

ov ov, ov
LHS: {PoatlJrPo(Vl'V)Vl} {,018 +p(Vy V)V } Po 6’[1
RHS: V(P + P1) Z—}/(po—i_pl)v(/?o + 1) Z—Lpov(/?o + 1)
(Po + p1) Po
—lwpoVy = P ikpy
£o

¥ Po ”Zponz’vl

—lwpVy = — :
Po l®
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For a plane wave with k = kx, and v = vx, we find

2
o _[7Po ' :(WBT)W =
K o m °
where m is the neutral atom mass and Cs is the sound
Speed.

» For a neutral gas the sound waves are pressure waves
propagating from one layer of particles to another one. Wave
vector pointing normal to the pressure front.

» The propagation of sound waves requires collisions among
the neutrals

» Magnetic field does not affect motion parallel to the field.
Therefore sound waves can propagate with c, at k//B
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Alfven Waves

Studying disturbances propagating on the solar surface:
----Puzzle: not consistent with c
----Conclusion: unknown wave mode exits in plasma.

» MHD is a fluid theory and there are similar wave modes
as in ordinary fluid theory (hydrodynamics).

» In hydrodynamics the restoring forces for perturbations
are the pressure gradient and gravity.

» In MHD the pressure force leads to acoustic fluctuations,
whereas Ampere’s force (JXB) leads to an entirely new class
of wave modes, called Alfvén (or MHD) waves.
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Existence of Electromagnetic-Hydrodynamic Waves

Consider the simple case wheno = }, p= 1 and the imposed constant magnetic field H, is
H. ALFVEN homogeneous and parallel to the z-axis. In order to study a plane wave we assume that all
vanables depend upon the time t and z only. If the velocity v is parallel to the x-axis, the current
iis parallel to the y-axis and produces a variable magnetic field 4 2 in the x-direction. By

Kgl. Tekniska Hogskolan, Stockholm.
elementary calculation we obtain

IF a conducting liquid is placed in a constant magnetic field, every motion of the liquid gives rise to

24y ‘ 2 L
an E.M.F. which produces electric currents. Owing to the magnetic field, these currents give a‘H _ 47 d d*H
mechanical forces which change the state of motion of the liquid. az? /'/02 ar?’
Thus a kind of combined electromagnetic-hydrodynamic wave is produced which, so far as I know, which means a wave in the direction of the z-axis with the velocity

has as yet attracted no attention.

Hy
The phenomenon may be described by the electrodynamic equations V= -
49
FL A
rot H = 4;" Waves of this sort may be of importance in solar physics. As the sun has a general magnetic field,
and as solar matter is a good conductor, the conditions for the existence of
E 1 dB electromagnetic-hydrodynamic waves are satisfied. If in a region of the sun we have Hq = 15 gauss
rot - df and 6 = 0:005 gm, cm.”’, the velocity of the waves amounts to
c
% -1
B= uH V ~60cm.sec.”.
; v . This is about the velocity with which the sunspot zone moves towards the equator during the
i=clE+—x B);
s sunspot cycle. The above values of 44 and & refer to a distance of about 10,; cm. below the solar

surface where the original cause of the sunspots may be found. Thus it is possible that the sunspots
are associated with a magnetic and mechanical disturbance proceeding as an

together with the hydrodynamic equation . )
electromagnetic-hydrodynamic wave.

dV 1 The matter is further discussed in a paper which will appear in Arkiv fir matematik, astronom;i och
HE = —{/ x B)—grad p, fysik,
C

H. ALFwgN

where ¢ is the electric conductivity, u the permeability, 8 the mass density of the liquid, 7 the
Kal. Tekniska Hggskolan, Stockhalm.

Aug. 24,

electric current, v the velocity of the liquid, and p the pressure.
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Ampere’s force 1 B2
dv JxB="(BeV)B-V(—)

0 dt:—Vp+JxB Mo 2 g

> The magnetic field increases the

» Suppose that the magnetic field is . .
plasma pressure in perpendicular

approximately uniform, and

directed along the z-axis. The directions to the magnetic field, and
equation of motion reduces to decreases the plasma pressure, by
the same amount, in the parallel
p%:_v.p, direction.
» Thus, the magnetic field gives
DB 0 rise to a magnetic pressure, acting
P= 0 p+Bfom 0 - perpendicular to field-lines, and a
0 0 p= B2 magnetic tension acting along field-
lines.
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Nsse »the parallel direction (tension force)

e Simple stretching of field lines
—. stress reduces to a tension BE/,uD along the magnetic field.

* Tension acts to restore a magnetic field line being stretched

T

tension in a guitar string being plucked.

—- transverse, parallel-propagating magnetic disturbance with the speed

tension ) 1/2 B
1'__:"_;_.!'_ e : —_
mass density /0 Pm

analogous to a mechanical disturbance in a string.
vy is called the Alfvén speed.

(*See Next Page)

» Alfven wave propagate in the parallel direction
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4 Speed of Propagation

displacement Imagine a very long string under Tension T. The
s net transverse force on the segment z and z+dz, is
f

T dF = Tsine’ —Tsine

e,
el Provided that the distortion of the string is not too
4 great, these angles are small, and we can replace
7 7+dz the sine by the tangent:
~ ’ of of azf
df =T(tanf8" —tan@) = T(E z+dz™ 5, z) = az2 dz

If the mass per unit length is u, Newton’s second law says:

o°f O _ kIS
AF = M(Az) > and therefore —— = — ——

Evidently, small disturbance on the string satisfy
2 2
07 L 9T \where v = \/% , representing the speed of propagation.

0z2 vz ot2’
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the perpendicular direction (pressure force)

For motion perpendicular to the magnetic field, in addition to
the Kinetic fluid pressure p, there Is also the magnetic pressure.

» Relevant pressure gradient is that of the total pressure
B,
V( P+ i) = VsV Pm
2 1y
»Magnetic Flux freezing:

Perpendicular B-compression corresponding to density
compression, the magnetic flux B dS across an element of surface
ds (whose normal is orientated along the magnetic field) and the
mass p,,, dS of a unit length of column having dS as base are
both conserved during the mass motion.

B/ p,, =const p/ p;, =const
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» Gradient now becomes

=Q|7pm-|-

Vo +20)=1v 7
(p 2o — Vms VPm Pm HoPm

> \We have

Magnetosonic waves

Propagate in the perpendicular direction
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Linear perturbation theory

Because the MHD equations are nonlinear (advection term and
pressure/stress tensor), the fluctuations must be small.

-> Arrive at a uniform set of linear equations, giving the dispersion
relation for the eigenmodes of the plasma.

-> Then all variables can be expressed by one variable

Usually, in space plasma the background magnetic field is sufficiently strong,
so that one can assume the fluctuation obeys:

|§B‘ < Bp

In the uniform plasma with straight field lines, the field provides the
only symmetry axis which may be chosen as z-axis of the coordinate
system such that: B,=B,&.
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Eg. of ideal MHD in an adiabatic case
0P

(p V)=
po +V-(p,V)=0
oV
pm(E‘FVVV)_JXB_Vp , <5_V+VVV>:_E\7P +(|7XB)XB
Vb 7pvpm "\ ot Pm " Ho
E+VxB=0
B > @ZVX(VXB)
—=-VxE ot
ot

V‘BZO VXB:IL[OJ-
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e Assume that the equilibrium state is static {f}g = 0) and homogeneous
(Pmo. Po and By constants), and write the variables as

Pm — P + p?ﬂj.[?#? t}
Vo= Vi(F 1)
p = po+pi(7, 1)

B = Bg+ Bi(7, 1),

where X <€ Xgfor X = p,,. P, |J§|
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%, ~
P 1V (p,V) =0
ot
apm1+pmov'\7120
ot
oV 7xB)xB Vp, =V, Vp,
pm<—+V'|7V>=—mme+( xB) x 1 1
at Pm Ho szy_po
S me
Y B B
me%-l_vapml-l_ OX(VX 1):O
ot Ho
@=Vx(\7xl§)
ot _
oB _
6—1:1—V><(V1><BO)=O
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MHD wave equation

V, B, x(VxB
pmoh'l'vapml"' o X (V1 1)20
ot Hy
0 -
Py 5 B, X (antBl)
Prmo 21-|-V52V—pm1+ =0
ot ot A
8/0m1 \ /
+ 0.,V V, =0
at pm 1
R W
atl—Vx(leBO)=0\ @2\/1

~VIV(V-V) 4V, x{Vx[Vx(V,xV,)]}=0

_ t2
Bo / 8
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Let us seek for plane wave solution in form:
V,(F,t) =V, exp{i(k - T — wt)}

oV,

t2

—VPV(V-V)+V, x{Vx[Vx(V,xV)]}=0| 0/0t —» —iw, V - ik

~0"V, +V2k(K-V,) =V, x{k x[k x (V, xV,)]}=0

AX(BxC)=(A-C)B—(A-B)C
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L. Propagation perpendicular to the B, field kK LB,

(R'VA) =0
~0"V, + (V2 +V2)(K -V, K +
(R ' vA)[(R ' vA)\71 - (\71 '\7A)R B (R '\71)\7A] =0
— 'V, + (V" +V2)(K-V,)k=0
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1. Magnetic perturbation follows the induction equation as
B Vx(V,xB,)=0 — —iwB,—ikx(V,xB,)=0

ot
B _ —kxWV1xBy) 1 B
k-B, =0 = 1 — W _(w/k) 0

2. Wave Electric field from the Ohm’s law:
E=-VxB=B,xV,

3. Linearity means : |Bl|<<||30| —_— V] <<|a)/k|=vmS

4. This wave resembles ordinary electromagnetic waves in that k, B1 and
E1 are all perpendicular to each other

5. This wave is called a magnetosonic or a magneto-acoustic wave.

V. /IK  Compressional or a fast Alfven wave

hER SRR RS AR
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| !I. Eropagation parallel to the B, field
k/IB,/IV,

~"V, + (V2 +V2)(K- VK +
(R ' vA)[(R ' vA)\71 - (\71 'vA)R - (R '\71)\7A] =0
2
(K2 — )V, + (- ~D)kA(V, -¥,)¥,] =0
V

A

It has two solutions: (kA2 — o )\71// _0

(K2 -’V =0
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E”go Casel: V,//v,
(k*v; —®)V,, =0

Dispersion relation:

2 1,2 .2
o 1K =V Sound wave

1. Density and pressure perturbation

g, V.
P = Pmo ol k p1 — 7/ 1 po
oK \/
_p % P = s Po
pml o IOmO VS VS
2. No electric and magnetic perturbation
Bl=_kx(:)1XBO)=O E=BO><V1=O

PERMFRER=ERFPh
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" 7 7@0 Case2: Vi1V,
(k*vi —@*)V,, =0
2 11,2 2
Dispersion relation: w” K =V, Alfven wave

1. No density perturbation
8§tm +V-(p.V) =0
~ Py + PooK -V, =0 Py =0 P =0

2. electric and magnetic perturbation
_k X (Vl X Bo) . _BO
W ~ (w/k)

3. Shear Alfven wave E | k

%B=Vx(vx|3) B, = Vi E=-VixB,

4. Velocity disturbance is perpendicular to the back ground magnetic
field and wave vector. V, Lk V,1B,
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B
s e
Alfven wave with k parallel to Bo. ey
oz e r Lerl |‘ ': l" k
Magnetic field is not compressed, R TR O ey
only undulating === no density T e St B
disturbance (frozen-in condition). Jie s g S
sl T Tl

Figure from Koskinen (2001)

11
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Alfven Waves In the solar wind

_ ~Bo Vi _
For Alfven waves, B; = 0 V, - PR

The relation given by the above equations is very important to identify
Alfven waves in the solar wind. The amplitude of velocity and magnetic field
IS correlated and the difference between their phases is 180 degrees.

%4?00 0800 1200 1600

UT 12 May 2003
(Gosling et al. 2009, ApJ)
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Geomagnetic Pulsations

First published account in Stewart[1961]

— Quasi-sinusoidal magnetic field e T S
oscillations A VA eyt
— Field changes on the order of 100nT + § & N—— WPTPIVISNTCPIN
— Time scale of a few minutes & L y : , T WM‘
E :81 : i ]
What we could now call a resonant MHD | i I?\'r‘
standing wave | fre T oo ‘m.‘ﬁ mi
— aka a ultra-low frequency (ULF) wave o Aﬁﬂfiﬁ,ﬁ,h“\!\hu! LA g6 o
elt-| SfT BRI
— aka a field-line resonance (FLR) i B [s. it '
5 il
¥ p
9‘_) . Le 4
First theoretical treatment in Dungey (1954) = ;wm e i 62 00
- - g - y o B
Experimental verification of Dungey’s O » Ww%%ﬁ%&ng
. a [
theory came from ground and satellite | : AR AT wAfis4s
measurements in the 1960s and 1970s R T e °8°°M°m::‘;m5}_
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Resonant MHD Standing Waves In the Magnetosphere

« Make serval simplifying assumptions

— Cold plasma

— Uniform plasma
— Uniform magnetic field

 Linearize

a%E -
W+Vf?x(?x€)=0|

1
'*:..-b":— — - .
g ~ \
- “
- \
L xL' *e:‘ aquator
/ I f

\\‘"‘h

S
Dipole model =

Box mode/

PERZRERZ=ERZM
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i U55= /o \lenosphere. ,

////Io‘nosphere»///

777

ohosphere

T et 77
Alfven Standing waves Alfven standing waves
(fundamental) (second harmonic)

Only Certain resonant frequencies can be established.
. : nvV, nB

These frequencies are controlled by the length of field f = o

lines between the ionospheres, the strength of the 20\ pp

magnetic field, and the plasma density.
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Fundamental Second Harmonic

——r—

E
poloi-(-i‘a-lﬂr-l-l-ode 4
i
toroidal mode toroidal mode
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!II. Oblique Propagation

e Choose the coordinate system so that Bo = Boé., k = kpr+ k.
e Denote the angle ﬁi{ﬁg, ﬁ:} = @. Thus,

EL

k = k(sin@&,+ cosbé,)
U4 = va€,
Vi = V& + Viyey + Vize.
k- U4 = kvycost
E-Vi = k(Viysin® + Vi, cos6)
Ta-Vi = vaVi..

PERFRER=ER F 0k
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e Plug these in to the equation
2 2 2\ 7 AT
—w Vi + (v, + vy ) (k- Vi)k+
{ﬁ: ' ﬁ.ﬂ.)[{g T4V — (T;}l ' ??’.A)E - '[’E: ' ﬁl}ﬁﬂ] =0 =

Vie(B*v3 4+ k*v?sin® 0 — w?) + Vi, k*vZsinfcosf =0 - X
Hy{k‘?vi cos’f —w*) =0 -y
Vizk*v?sin @ cos @ + Vi, (k*v2 cos? 8 — w®) = 0 _ 7

Shear Alfvén waves

e Taking V, = Vi€, gives a solution with the dispersion relation

(Viy# 0) i
W 2
—

2
2 4 cos” 8,

i.e., the shear Alfvén wave. No propagation across B w/k =0.

(6 =m/2)
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Fast and slow Altvén waves

e The remammg pair of equations can be written in matrix form as

D(Vi, Vi.)T = 0 with

D _ ( k*vs + k*v’sin® 8 — w® k%0 siné cos 6 )

kztﬂ‘;" sin # cos @ k'.‘?t:‘:‘ cos® @ — w?

o Linearalgebra: detD #0 = 3ID': D 'D=T =
D 'D(vie, v1:)T = D7H0,0)T = (v1z, v12) = (0, 0).

Demand det D = 0 = quadratic equation for w?/k? with the roots

(m)‘? t-‘ﬁ + l’i + \/(1’§ + v3)? — 4viv? cos? b
4 2

These are fast (+) and slow (—) Alfvén waves or MHD waves.
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Phase-velocity polar diagram of MHD waves

ms

\

Fast Wave

Alfvén Wave

ms

Slow Wave

/

Fast Wave

Alfvén Wave

e Note that always (w/k)_ < vycos8 < (w/k)4.
—. shear Alfvén wave sometimes called the intermediate wave.

PERMFRER=ERFPh

National Space Science Center, CAS



Nsse
Fast Mode ( Cold Plasma)

> In cold plasma, (which is obtained by letting the sound speed
V¢ =0) magnetic pressure is much greater than kinetic
pressure, and also the Alfven velocity is greater than sound
speed. The dispersion relation could be simplified as :

w’ =KV,
» This is the dispersion relation for the compressional-Alfven

wave, thus, the fast wave iIs the compressional-Alfven wave
modifed by a non-zero plasma pressure.

» \elocity disturbance is perpendicular to the wave vector.

—_— —_—

V,-B, =0 V, -k =Vk,
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> Electric disturbance E, =-V,xB,

» density disturbance o1 =—(p,VSingd) /v,

> Field aligned current j-B, =0 J prove

» The group and phase velocity is equal and isotropic, and the
fast mode propagate in all directions.

0 .
5E10:WMEk
» In Warm plasma, dispersion relation is complicated, and

group velocity depends on directions and frequency.
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» In cold-plasma limit, which Is obtained by letting the sound
speed V¢ =0. the slow wave ceases to exist (in fact, its phase
velocity tends to zero)

» In the limit V, >>V, which is appropriate to low-beta, the
dispersion relation for the slow wave reduces to

o = kv, cos @

» This Is the dispersion relation of a sound wave propagating
along magnetic field-lines. Thus, in low-beta plasmas the
slow wave is a sound wave modified by the presence of
the magnetic field.

PERMFRER=ERFPh
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Dependence of phase velocity on propagation angle

9
3

TR

Phase Velocity

--------------------------------------------------

Fast Wave
N

-------------------------------------------------

-------------------------------------------------

/

Slow Wave

}iﬁ%h ‘*%
= o ’

+ e
Gl

Alfvén Wave

/

.

Angle between k and B,

Fast Wave
R

Alfvén Wave

/

Slow Wave

1 r ! 1
30° 60° 80° 0 30° 60° a0°

Angle between k and B,
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Magnetohydrodynamic waves

_:L « Magnetosonic waves
_.  compressible
2 - parallel slow and fast
e - perpendicular fast
= = = | B

« Alfvén wave

Incompressible

N\\/\\/\/\ parallel and oblique
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