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Abstract: The fractional calculus approach in the constitutive relationship model of
viscoelastic fluid was introduced. The velocity and temperature fields of the vortex flow of a
generalized second fluid with fractional derivative model were described by fractional partial
differential equations. Exact analytical solutions of these differential equations were
obtained by using the discrete Laplace transform of the sequential fractional derivatives and
generalized Mittag-Leffler function. The influence of fractional coefficient on the decay of
vortex velocity and diffusion of témperature was also analyzed .
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Introduction

Viscoelastic flows are prevalent in stiring, mixing and chemical reaction of dilute polymer
solutions, which often go with heat transfer. It is of very important significance to study the
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mechanism of viscoelastic fluid and heat flow in many industry fields, such as oil exploitation,

chemical and food industry and bio-engineering[l]

. Supposing linear constitutive relationship,
Fetecau et al.'?! studied the vortex velocity field and temperature field in second grade fluid. In
their report, the constitutive relationship employed has the following form:

o) = pele) + B2 ()

where 7 is the stress, ¢ is the strain, u is the coefficient of viscosity, E is the viscoelastic
coefficient. »

Recently fractional calculus has encountered much success in the description of complex
dynamics, such as relaxation, oscillation, diffusion, wave and viscoelastic behavior. Bagleym
Friedrich!®, Huang Jun-gi'’’, He Guang-yu'®, Xu Ming-yu!”*] [9-12]
et al . separately used fractional calculus to handle various rheology problems, and made great

and Tan Wen-chang

achievements. Jiang Ti-gian et al. used fractional calculus to analyze the experlmental data of
viscoelastic colloid, and got good result! 314
Generally the constitutive relationship of viscoelastic second order fluids has the form as
follows:
t(2) = pe(t) + a;Df[e(2)], (2)
where «, is the viscoelastic parameter, @ is the fractional coefficient and Df is the Riemann-

Liouvill fractional calculus operator and may be defined astts!

DI = syl & S pde 0 <<, (3)
where I'( - ) is Gamma function. While 8 = 1, Eq.(2) may be simplified as Eq. (1), which is
the classical linear model of second grade fluid; and while @, = 0 or 8 = 0, the constitutive
relationship describes complete viscous Newtonian fluid.

In this paper we will study the vortex velocity field and temperature field in a generalized
second order fluid by using the constitutive relationship given by Eq.(2). Exact'analytic solutions
of these differential equations are obtained by using Hankel integral transform, inverse Laplace
transform skill and generalized Mittag-Leffler function. Moreover, we successfully analyze how
the fractional coefficent S influences the velocity field and temperature field. Many classical
results can be special examples of our results, such as the decay of vortex velocity and
propagation of a heat wave in a second grade fluid studied by Fetecau'?!, and vortex velocity field
in classical viscous Newtonian fluid. This provides a new analytical tool for further study of
viscoelastic fluid and heat flow.

1 Mathematical Model

We consider a circular motion of generalized second grade fluid whose velocity field, in a
system of cylindrical coordinates (r,8,z), is of the form v, = 0,v; = w(r,¢),v, = 0. Here we
assume that the initial distribution of the velocity is that of a poténtial vortex of circulation I'y and
the flow is symmetrical to axis.

On the basis of above analysis the constitutive relationship of the generalized second grade
fluid for this flow is '

= #,air[ﬂr;ﬁ] D[ a,(M)]- (4)

r .
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Momentum equation is
Jw ( r,t ) l_ i 2
di = r? ar(r r'a)’ (5)
where 7(r,0) is the component of stress, p,u separately denote density and coefficient of
viscosity of the fluid. Substituting Eq.(4) into Eq.(5), we obtain

dwlr,t) 3? d 1
T_(v+aD )(82+rar )w(r,t), (6)
where v = p/p,a = a;/p. The initial condition is
w(r,0) = I'y/(2rr) (7)
and the natural conditions are
a
w(r,t), —err—t) -0 asr— o ,¢t > 0, (8)

Further, we consider that there exists temperature field during vortex flow in a generalized
second grade fluid. Its initial distribution and natural conditions are similarly assumed to be of the
same forms with Ref.[2], i.e.,

0(r,0) = 6o/(2xr), 9)

0(T,t), aﬁ(r,t)

The energy equation, when the Fourier’s law of heat conduction is considered, may be
[2]

-0 as r—> o, > 0. (10)

written in the form

2
aﬁ(art,t) _ Bl(;ﬁ )0(r D [aw(r ) (rr,t)]2+ h(;’t)’ (11)

where h(r,t) is the radiant heating which is neglected in this paper, c is the specific heat and
B =k/(pc), where k is the conductivity, which is assumed to be constant. Eq. (11) is
formally identical to the energy equation for a Newtonian fluid and classical second grade fluid.
However, the temperature field given by Eq. (11) is different from the Newtonian case and the
classical second grade case because the velocity distribution w(r, ¢) is different.

2 Velocity Field

Let us introduce dimensionless variables w © = wy / 2 »* = rPo/ v, t° = & 3/ v. Using
Eq.(3) and the first mean value theorem of the integral, it can be easily proved”*>'*) that the

operator D £ has a fractional time dimensions [ v/ Iyl 'ﬁ. Thus, the dimensionless equation is

’”

obtained as follows (for brevity the dimensionless mark “ are omitted here) :

(0 (14 gpp) (S5 rgr Latr,0), (12)
w(r,t),gw—(a—rr‘i)“eo asr— o ,t > 0, (13)
w(r,0) = 1/2nr), (14)

F2
where 7 = a —g. Considering the fractional order Eq.(12) has the integral order initial condition
v

(14), we define the fractional calculus operator D? to be of the form as Sequential Fractional

[15]

Derivatives' °'. In order to get the exact solution to those equations, we introduce the Hankel
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transform as follows'!” ;

Hankel transform

wn(8,0) = | (@ wlr,0dry (15)
Inverse Hankel transform

wr,) = | e wy(s,0de, (16)

where J, (&r) is the first kind Bessel function of the first order.
Applying Hankel transform principle to Eqs.(12) and (14), we can obtain

i“%ﬂ + (1 + DA Ew,(€,0)] = 0, (17)
w,(£,0) = 1/(2n¢). , (18)

Letting wy(&,s) = L{w,(&,2)} = f e *w,(&,t)dt be the image function 6fwh(5, t),
0
where s is a transform parameter and using Laplace transform principle of Sequential Fractional
Derivatives to Eq.(17)!"5!, we can obtain

wi(€&,s) = ﬁ(l + &) !

— 19

s+ 7 ErsP 4 & (19)
In order to avoid the burdensome calculations of residues and contour integrals, we apply the

discrete inverse Laplace transform method to get w, (&, s). First, we rewrite Eq. (19) as a series

form
— _ L 2 gy LN ke2(k+1) sTBE-F
wk(Evs) = (1+ 7753 ) 220(_1)6 (Sl—ﬂ+7762)k+1 =
-Bk-8
kg2(k+1)
Z( 1) (1ﬂ+77$2)k+1+
ka2(k+1) smhk-1
27‘:52( 1) 'S (sl-ﬁ + vEZ)Iﬁl' (20)
Applying the inverse Laplace transform term by term with Eq.(20), we obtain
(- 1)* n
w,(&,1) = 21:82 Py g2k, k[E(k)ﬂ (= 7 E478) 4
/L 1-Pg(k ﬂ2+/3(k-1)(— ﬂfztl_ﬁ)] , (21)

in which E, /g(z) = Z T ( ak ) denotes generalized Mittag-Leffler function*!

. To obtain

Eq.(21), we used the followmg property of the generalized Mittag-Leffler function’s inverse
Laplace transform:

f_nls* An+p-1 p(n) A 1/
L (Spc)mif = ¢ Ey" (£ o) (Re(s) > 1 ¢ t'). (22)

Applying inverse Hankel transform to Eq.(21), we obtain the exact solution to the velocity
field:

® hd k
w(r,t) =%J J1(T$)Z (_—ILSZktk[ng;?,npk(— 775217]_/3) +

n &' PE{t ﬁ2+ﬂ(k n(- 7&"F)]de. (23)
Especially, when » = 0, Eq.(19) can be simplified as
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1
2ng(s + 67

Separately applying inverse Laplace transform and inverse Hankel transform to s and £ in
Eq.(24), we obtain

wp(E,s) = (24)

_ L ( ﬁ)
w(r,t) = 27"[1 - exp| ~ - ] (25)
which is the Reiner-Rivlin dimensionless solution of the classical viscous Newtonian fluid
problemm.
If we set 8 = 1, Eq.(19) can be simpliﬁed as
2
_l+9&
wi(g,s) = 3 (26)

2n$s+17$2ﬂ+$2
Separately applying inverse Laplace transform and inverse Hankel transform to s and ¢ in
Eq.(26), we obtain

2

w(r,t) = Z%J:Jl(rs)exp(— 61? Ezt)dé 27)

which is the dimensionless velocity solution of a second grade fluid obtained by Fetecau'?! .

3 Temperature Field

Ov . Wy . Ty

> L =

Let us introduce dimensionless variables: 0~

0,0, Y Tt v
and then Eqs. (9) ~ (11) can be changed into dimensionless equations as follows (for brevity the
are omitted here)

’

o
t|’j
(=R}

’”

dimensionless mark “ *

2 2
W) < (T v S)otr) ¢ 224t o)) g
0(r,t), 3‘9(’; D0 asr—-s,t 0, (29)
(r,0) = 1/2xnr), (30)
B I
where (8, = e = ;—07) Letting
2
Frot) = 7]l[aw(arr,t) _ w(rr,t)] (31)
and Eq.(28) can be changed into
2
0t) - g2 v 2)otr,e) + £, (32)

In order to get the exact solution to those equations, we make the Hankel transform to r in
Eqs.(30) and (32). According to the format of Eq. (32), we use the Hankel transform as
follows :

Hankel transform

0,.(&,t) = L rlo(&r)0(r,t)dr; (33)
Inverse Hankel transform

0r,0) = | el(e 6,8, 0z, (34)
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where J,(&r) is the first kind Bassel function of the zero order.
Applying Hankel transform to Eq.(32) and making use of natural conditions Eq.(29), we

obtain
do, (&,
BB | geo,e,n) = e, (35)

where £, (£,t) is the Hankel transform image function of f(r,¢). Substituting Eq. (23) into
Eq.(31), we obtain

fe0) = " e x

[ 50

72t PE Y 0 peon (- palet ﬂ)]dx} dr. (36)
(171,

x| E(k?e 1+ﬂk(— vxztl—ﬁ) +

To obtain Eq.(36), we used the following property of Bessel function
ar)y(ar) = Jy = arly(ar).
Applying Hankel transform to the initial condition (30), we can obtain

0,(£,0) = 1/(2xn¢€). (37)
Combining Eq. (35) with Eq.(37), we can easily get
YR ! .
0,(&,1) = e At [27r8 + Jofh(é,t)eﬁ26 dr]. (38)

Then, making inverse Hankel transform to the equation above, we obtain

(9(7',15) = %IL) e_ﬂzsztjo(fr)df +

@ ¢ 2
|Zewen - [ Ace oentnar] ae. (39)
Substituting Eq. (36) into Eq.(39), we can obtain the temperature field as follows:
0(r1) = o] e P y(ar)dg +

2nly
&%J: eJo(re)J;e-ﬂf“-’)f: rlo(ér)g*(r,v)drdrde, (40)
where
g(r,7) = j xlz(rx)z [ ER g (— pa®ttF) 4
727t PE{E, o g 1)(— na’t' )] dx. (41)

4 Discussion and Conclusions

We obtained the analytical solutions of the vortex velocity and temperature fields in a
generalized second grade fluid above through Egs. (23) and (40). Using the Matlab software,
we simulate the influence of the fractional coefficient 8 on the velocity and temperature
distribution. Figs.1 and 2 show that the vortex velocity spacial distributions for the different
values of time and fractional coefficient. It can be seen that the velocity increases with r and gets
to the maximum value at some position because there exists a potential vortex of circulation I'y,
and then it begins to decay until to zero since the viscidity of the fluid makes the influence of
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vortex on velocity become more and more weak. In general the variety trend of the velocity
curves are similar with that in the classical second grade fluid described in Ref.[2]. Fig.1 shows
the velocity distribution at several selected 5. We can see that when 8 becomes larger, the curve
gets acuter, that is, the maximum value of the velocity becomes larger, the position r
corresponding to the maximum velocity becomes smaller, and subsequently the vortex velocity
decays more quickly. It can be concluded that the larger the § is, the more viscoelastic the fluid
is, and the more similar to the classical second grade fluid. Especially, when § = 1, it
completely changes into the classical second grade fluid. On the other hand, the smaller the 3 is,
the more viscous the fluid is, and if 8 = 0, the fluid can be simplify as the viscous Newtonian
flyid. Fig.2 shows the velocity distribution at several selected ¢. It can be found that the vortex
velocity at the same location becomes smaller with the time increases because of the viscosity of
the fluid.

Figures 3 and 4 show the distributions of the temperature field 0(r,¢) at several selected
parameters. Fig.3 is the temperature distribution at several selected .. It can be found that the

20 w-r;t=0.5 14 wr:f=0.5
I —= B=0.5 —=0.5
-—=f=0.7 121 ——-g=]
16} —p=0.9 e 22
10} //\
\
12 8F / \
w w /’ P - 3
8 1
4L !:, _____ "
—J 25
0 I S — L 1 I E— 0 ke i 1 1 L B Il
0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4
r r
Fig.1 Vortex velocity distribution Fig.2 Vortex velocity distribution
with different 8 with different ¢
0.95
Gr:t=3
—— B=0.8

0.85|

a

0.65/-

0.55

Fig.3 Temperature distribution Fig.4 Temperature distribution
with different 8 with different ¢
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larger f8 is, the more quickly the temperature decays with r, and the more viscoelastic the fluid
is. On the other hand, the smaller the 8 is, the more slowly the temperature decays, and the
more viscous the fluid is. Fig.4 shows the temperature distribution at several selected time, from
which we can see the temperature field decays more and more slowly with time, that is because of
the viscosity of the fluid.

We can also find from the four figures that when ¢ and r become large enough, no matter the
velocity field or the temperature field will decay until reaching zero, furthermore, the larger the 8
is, the more quickly the fields decay. So it means that the viscoelastic property of the fluid goes
against the diffusions of the velocity, the temperature, the vortex and the heat wave decay in time
and space.

In this paper, the problems on the decay of vortices in the viscous Newtonian fluid or the
second grade fluid were expanded to the generalized second grade fluid with fractional derivatives
and the exact solutions of the decay of the vortex velocity and the diffusion of the temperature
were also successfully obtained. The model and the analytical method employed in this paper have
been shown to be useful for the theory analyses of viscoelasitic fluid.
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